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-------------------------------------------------------------------ABSTRACT-------------------------------------------------------------- 
We know that binary decision diagram is a data structure that is used to store a Boolean function. They are used 
to find out the terminal reliability of a computer communication network. To generate the binary decision 
diagram of a given computer communication network, we need to order the edges of the given computer 
communication network because the size of the binary decision diagram is dependent on the ordering of the 
variables (edges). There are three types of variable ordering; optimal, good and bad ordering. Optimal ordering 
are those ordering which generate minimum size binary decision diagram. In this paper we have shown that if a 
directed computer communication network has m disjoints min-paths then m! optimal variable orderings exist to 
generate the binary decision diagrams of the given computer communication network.  
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I. INTRODUCTION 

Akers [1] first introduced binary decision diagram 
(BDD) to represent Boolean functions i.e. a BDD is a data 
structure  used to represent a Boolean Function. Bryant [2] 
popularized the use of BDD by introducing a set of 
algorithms for efficient construction and manipulation of 
BDD structure. The BDD structure provides compact 
representations of Boolean expressions. The authors [3] 
have shown a method to minimize Boolean expression 
with sum of disjoint product functions by using BDD. 
BDD are used to work out the terminal reliability of the 
links. Madre and coudert  found BDD usefulness in 
reliability analysis which was further extended by Rauzy 
[4, 5]. They are specially used to assess fault trees in 
system analysis. In the network reliability framework, 
Sekine & Imai [6], and Trivedi [7] have shown how to 
functionally construct the corresponding BDD. One 
method to compute the network reliability has shown by 
Roberta [8]. An alternate approach to compute the network 
reliability by using BDD was presented by Singhal [9]. 
BDD are also used to find out the network reliability with 
unreliable nodes. It means the network has imperfect nodes 
as well as imperfect links. A modified combined method to 
compute terminal- pair reliability with unreliable nodes 
was presented by Zhong [10]. One efficient and exact 
method was shown to compute the network reliability with 
imperfect vertices by Lin [11]. One other method was 

shown by Xing with imperfect coverage and common 
cause failure [12]. Network reliability calculation can be 
improved by augmented BDD. This has shown by 
Herrmann [13]. BDD variable order optimization is a well-
studied problem. Over the years, researchers have 
proposed many techniques to order the variables. BDD 
methodology is the most recent approach to improve 
Boolean reliability models assessment. The final size of 
the BDD after applying the three reduction rules is the 
ultimate technique to reduce the size of the BDD. Several 
variable ordering strategies have been proposed within the 
literature. All of them have focused to generate the 
minimum size BDD. The final size of a BDD heavily 
depends on the selection of variable ordering. From the 
beginning of the BDD, this problem is well-known. Bryant 
described the need for a good ordering to consolidate the 
technology in 1980. Consequently, it has become a crucial 
point of this methodology. There is still scope to improve 
and extend the current ordering methodologies. Due to its 
combinatorial nature, finding the optimal ordering is a NP-
complete problem. Therefore, it is intractable 
computationally. This was shown by Bollig & Wegener 
[14] in 1996. In order to find good orderings to generate 
the BDD, researchers have been made to design heuristics 
which provides good orderings within reasonable time and 
minimum memory requirements. The authors [15] have 
shown a new approach to find the various optimal ordering 
to generate minimum size BDD. The classification of 
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variable ordering strategies can be arranged into two main 
groups. These are static heuristics and dynamic heuristics. 
The static heuristic provides an initial variable ordering 
prior to the BDD construction. These heuristic are based 
on topological considerations. The dynamic heuristics are 
used to change the variable ordering during the BDD 
construction process, and are based on swapping and 
shifting groups of variables at some points of the 
computation [16]. The dynamic reordering is very 
expensive in terms of memory and time. It may help to 
improve the final result, but without a good initial order, 
they are not used from the outset in reliability analysis. In 
the reliability field, static heuristic is widely used due to 
lesser requirement of memory and time. 
There are three types of variable ordering to generate the 
BDD. This classification is based on the size of the 
different BDD. These are optimal, good and bad ordering 
[17]. Optimal ordering are those ordering which generate 
minimum size BDD. The size of the BDD means the 
number of non-terminal vertices in the BDD and the 
number of non-terminal vertices at particular level [18]. 
 
This paper is organized as follows. First we will illustrate 
the preliminaries of BDD in Section 2. In Section 3, we 
have shown that if a directed computer communication 
network has m disjoints min-paths then m! optimal 
variable orderings exist to generate the BDD of the given 
CCN. Finally we draw some conclusion. 

II. BINARY DECISIONS DIAGRAMS 
BDD is a data structure  used to represent a Boolean 
Function. A BDD is a directed acyclic graph (DAG) based 
on the Shannon decomposition. The Shannon 
decomposition for a Boolean function is defined as 
follows:  

f = x. fx = 1 +  x. fx = 0 
where x is one of the decision variables, and f is the 
Boolean function evaluated at x = i. By using Shannon’s 
decomposition, any Boolean expression can be 
transformed in to binary tree. Table 1 shows the truth table 
of a Boolean function f and its corresponding Shannon tree 
is shown in figure 1. 

Table 1 

 
 

 
Figure 1: Shannon Tree of a given Boolean Function f 

 
Sink nodes are labelled either with 0, or with 1, 
representing the two corresponding constant expressions. 
Each internal node u is labelled with a Boolean variable 
var(u), and has two out-edges called 0-edge, and 1-edge. 
The node linked by the 1-edge represents the Boolean 
expression when xi = 1 , i.e. fxi = 1; while the node linked by 
the 0-edge represents the Boolean expression when xi = 0, 
i.e. fxi=0. The two outgoing edges are given by two 
functions low(u) and high(u).  
 
Indeed, such representation is space consuming. It is 
possible to shrink by using following three postulates. 

 
Remove Duplicate Terminals : Delete all but 
one terminal vertex with a given label, and 
redirect all arcs into the deleted vertices to the 
remaining one. 
Delete Redundant Non Terminals : If non 
terminal vertices u, and v have var(u) = var(v), 
low(u) = low(v), and high(u) = high(v), then 
delete one of the two vertices, and redirect all 
incoming arcs to the other vertex. 
Delete Duplicate tests : If non terminal vertex v 
has low(v) = high(v), then  delete v, and redirect 
all incoming arcs to low(v).  

If we apply all these three rules then the decision tree can 
be reduced. The related diagram is shown in figure 2. 
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Figure 2: Shrinking Process of the above Decision Tree 

2.1 Dual Binary Decision Diagrams: 
If two or more BDD have the same size and representing 
the same Boolean function, then these BDD are known as 
Dual BDD, because they are Dual of each other. 
 2.1 Modified Binary Decision Diagram: 
The modified binary decision diagram (MBDD) is a binary 
decision diagram which is either dual BDD or the smaller 
size BDD. It is necessary that both the BDD must 
represent the same Boolean function [19]. 
III  PROOF: 
If all the min-paths from source to sink in a CCN are 
disjoint then such type of CCN is known as disjoint 
network. Now let us suppose that there is only one min-
path from source to sink. It means that at least one edge is 
there between source and sink. There may be more than 
one edge between source and sink. Few networks are 
shown in figure 3 consisting of only one min-path from 
source to sink. 
 

 
Figure 3: Example Network Containing One min-path 

 
The only possible orderings for figure 3(a) is e1, for figure 
3(b) is     e1 !    e2  and for figure 3(c) is e1 !e2 !e3. 
The respective binary decision diagrams are shown in 
figure 4. 
 

 
Figure 4: BDD of networks given in figure 3 

Now let us suppose that there are two disjoint min-paths 
from source to sink. The networks containing two min-
paths can be represented in the form of graphs shown in 
figure 5. 
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Figure 5: Example Networks containing Two min-paths. 

 
Since there are two min-paths from source to sink, so there 
must exist 2! = 2 optimal variable ordering to generate the 
BDD of the given directed networks shown in figure 5. 
The respective orderings are as follows:  
 

(a) e1 ! e2 ! e3 and e3 ! e1 ! e2  
 

(b) e1 ! e2 ! e3 ! e4 and e3 ! e4 ! e1 ! e2 
 

(c) e1 ! e2 ! e3 ! e4 ! e5 and e4 ! e5 ! e1 ! e2 ! e3 
 

(d) e1 ! e2 ! e3 ! e4 ! e5 ! e6 and e4 ! e5 ! e6 ! e1 ! 
e2 ! e3 
 

(e) e1! e2 ! e3 ! e4 ! e5 ! e6 ! e7 ! e8 and e6! e7 ! 
e8 ! e1 ! e2 ! e3 ! e4 ! e5 

 
The respective BDD are shown in figure 6. 

 
Figure 6(a):  BDD of networks given in figure 5(a)  
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Figure 6(b): BDD of networks given in figure 5(b) 

  

 
Figure 6(c): BDD of networks given in figure 5(c)  

 

 
Figure 6(d): BDD of networks given in figure 5(d)  

 

 
Figure 6(e): BDD of networks given in figure 5(e)  
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We have shown that there exist 2! =2 optimal variable 
orderings for the example network shown in figure5 (a), 
5(b), 5(c), 5(d) and 5(e)  respectively. 
 
Now let us suppose that there exist only three disjoint min-
paths in a network as shown in figure 7. 
 

 
Figure 7:  Network having three disjoint min-paths 

As the network consists three disjoint min-paths say H1, H2 
and H3. Here H1 = {e1, e2, e3}, H2 = {e4, e5, e6, e7}, H3 = 
{e8, e9}. The possible variable orderings are H1 !!!!H2 !!!!H3, 
H1 !!!!H3 !!!!H2,  H2 !!!!H1 !!!!H3,  H2 !!!!H3 !!!!H1, H3 !!!!H1 !!!!H2 
and H3 !!!!H2 !!!!H1. The BDD are shown in figure 8. 
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Figure 8: Respective BDD of the network shown in 

figure 7 
In general, if there are m disjoint min-paths from source to 
sink then m! optimal variable ordering are possible to 
generate the BDD. To prove this we will consider that 
there are m disjoint min-paths of a CCN. To find the total 
number of optimal ordering to generate the BDD of the 
given CCN which consists of m disjoint min-paths is equal 
to the number of different ways of filling up m positions by 
these m disjoint min-paths. 
Since any one of these m min-paths can be placed in the 
first position, so the number of different ways of filling up 
the first position = m. 
 
When the first position is filled up, the second position can 
be filled up by any one of the remaining (m – 1) min-paths. 
So the number of different ways of filling up the second 
position = (m – 1). 
Counting in this way the last position is filled by m – (m – 
1) ways i.e. 1 ways. 
 Hence by fundamental principal of counting, these m 
positions can be filled up in ways  
=  m (m – 1) (m – 2) ..... .......{m – (m – 2)}. {m – (m – 
1)}. 
=  m (m – 1) (m – 2) ..... .. .........2.1 
= m! 
Thus we have shown that, if a directed CCN has m 
disjoints min-paths then m! optimal variable orderings 
exist to generate the BDD.  
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IV Conclusions: 
In this paper we have shown that, if a directed CCN has m 
disjoints min-paths, then m! optimal variable orderings 
exist to generate the BDD of the given network. 
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